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Vectors

In a diagram arrows are used to represent vectors. 
In print a vector is represented by a two letter name such as AB (note the bold print) or       , or by a single letter such as F or a or v.
In hand writing you would use 
[image: image1.wmf]AB

 or 
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~~

 or 
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~

 or 
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 or 
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We use (AB( or 
[image: image6.wmf]AB

 or 
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~

 or 
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 or 
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 or even AB or F or a or v for the magnitude (i.e. length) of a vector.

A unit vector is a vector with magnitude 1.
When we are working in 2 dimensions we may write that 
[image: image10.wmf]AB

 = 
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or that 
[image: image12.wmf]AB

 = 3i + 2j.  (3i and 2j are the components of 
[image: image13.wmf]AB

.)

The vector i is a unit vector parallel to the x axis.
The vector j is a unit vector parallel to the y axis.
In 3 dimensions k is a unit vector parallel to the z axis. 
In the diagram,   v  = 3i + 2j + 5k = 
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 = PQ
and applying Pythagoras’ Theorem (twice) gives 
the magnitude of v is  (v( =(PQ(= (
[image: image16.wmf]PQ

( = ((32 + 22 + 52) = (38.
Equal vectors
The statement that a = b means that
vectors a and b have the same magnitude
and a and b have the same direction    i.e.
are parallel






with the arrows pointing the same way.

Negative vectors
The negative of vector v is the vector –v. This has the same magnitude as v, is parallel to v but points in the opposite direction.
The zero vector
This is a vector with magnitude 0; it is represented by 0 or 
[image: image17.wmf]BB

; it has no special direction.
Adding vectors
We have two ways of adding vectors:
1. By adding components.  e.g.  
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2. By using diagrams. 
e.g.  To add a and b take any of the infinitely many possible arrows which represents a. 





Starting from the ‘sharp’ end of a draw the one and only possible arrow which correctly represents b.  Then a + b is represented by the arrow from the ‘blunt’ end of a to the ‘sharp’ end of b.
To subtract vector r:  add vector –r.
Position vectors
We often use vectors to give positions. The position vector of point A is the vector from the origin O to A. It is usually called vector a. Similarly p is the vector from O to the point P.

Notice that 
[image: image19.wmf]AB

  =  b – a   (the letters are reversed)
So if A is the point (1, 3, –5) and B is (4, –2, 7) then the vector from B to A is 
        
[image: image20.wmf]BA

 = a – b = 
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Multiplying a vector by a scalar
The vector ka is the vector which is 
k times the magnitude of a





parallel to a





and the same direction as a if k is positive, 






opposite direction if k is negative.
When a is expressed in components you just multiply each component by k. Thus 
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 and 4(2i + 7j – 3k) = 8i + 28j – 12k.
The equation of a straight line
The line through A parallel to vector d has vector equation


r = a + td 




(
where t is any scalar. 
It is quite common to use the Greek letter ( to stand for the scalar t.
If A is the point 
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 substituting in  ( gives 
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(
which are the parametric equations for the line.
Making t the subject of the three equations in ( gives 
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The equations 
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(
are known as the Cartesian equations of the line. (Two of l, m and n may be 0: if l = 0 then x = x1.)
It is important to be able to switch automatically between the three types of equation, (, ( and ( and to be able to find and/or interpret each type. 
Scalar product
The scalar product of vectors a and b is the scalar (number) 


a.b = (a((b(cos(  
where ( is the angle between the ‘sharp’ ends of a and b.
Angle  (  is between 0( and 180(. 
If ( is acute the scalar product is positive.
If ( is obtuse the scalar product is negative.
If a and b are perpendicular a.b = 0.
The following formula will enable you to calculate a.b when a and b are given in component form:


if 
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 then a.b = a1b1 + a2b2 + a3b3.
The scalar poduct is very useful if you want to find the angle between two non-zero vectors:
1. If you want to know if two non-zero vectors are perpendicular, see if their scalar product is zero.

2. Find the angle between the vectors 
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(a(= ((12 + (–2)2 + 32) = (14.  



(b(= ((22 + 52 + (–4)2) = (45.



a.b = 1(2 + (–2)(5 + 3((–4) = 2 – 10 – 12 = –20. 



But a.b = (a((b(cos(  so   (14 ( (45 ( cos(  = –20 and cos(  =
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To find the angle between two lines find the angle between their direction vectors.
The method does work in two dimensions: if 
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 then (a(= 5 and  (b(= (53;






a.b = 3(7+ 4((–2) = 13.






cos(  =  
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The equation of a plane
The plane contains the point A and is perpendicular 
to the vector n (known as the normal). 
R is a general point on the plane. 
Then 
[image: image39.wmf]AR

 = r – a 
[image: image40.wmf]AR

 and  is perpendicular to n.
This means that (r – a).n = 0  so that  r.n – a.n = 0.
Since A is a fixed point and n is a fixed vector a.n is constant an we can write the vector equation of the plane as r.n – constant = 0. 
For reasons that will become apparent in a moment it is usual to use –d as the constant.
If R is the point 
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– constant = 0  
which gives 




ax + by + cz – constant = 0
or 





ax + by + cz + d = 0.   
This is the Cartesian equation of a plane.
For example:   2x –5y + 3z + 30 = 0  is the equation of a plane. 
It is perpendicular to 
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; this is its normal.
 To find the coordinates of some points on the plane choose the values of two of x, y, z and solve the equation to find the third. e.g.  When x = 4 and y = 3 the equation gives 2(6 – 5(3 + 3z + 30 = 0 










12 – 15 + 3z + 30 = 0











    3z + 27 = 0












  z = –9
so that (4, 3, –9) is a point on the plane 2x –5y + 3z + 30 = 0.
To find where the line 
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 meets the plane 7x – 8y + 5z – 6 = 0:

Express the line parametrically: 
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and substitute these expressions for x, y, z in the equation of the plane:




       7(3 + 2t) – 8(–1 + 5t) + 5(2 + 3t) – 6 = 0

and solve this equation for t:    21 + 14t + 8 – 40t + 10 + 15t – 6 = 0








   –11t + 33 = 0









     t = 3

and evaluate x, y, and z with that value of t:  
x =   3 + 2(3 =  9







y =  –1 + 5(3 = 14







z =    2 + 3(3 = 11.

The line 
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 meets the plane 7x – 8y + 5z – 6 = 0 at the point (9, 14, 11).
The example below illustrates three ways of finding the equation of a plane.
Example

Find the equation of the plane that contains the three points F(1, 2, 1), G(–2, 0, 2) and H(–1, 4, 3).
Method 1

From origin O we can reach any point R on the plane by going to F and then moving some distance parallel to 
[image: image48.wmf]FG

 and some distance parallel to 
[image: image49.wmf]FH

.
i.e. 
[image: image50.wmf]OR

= 
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 + s
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 + t
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 where s and t are parameters.
Thus r = f + s(g – f) + t(h – f)
      i.e.  r 
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leading to 
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and hence the parametric equations 
x = 1 – 3s – 2t 
(



y = 2 – 2s + 2t
(



z = 1 +   s + 2t 
(.
Now eliminate s and t.
( + (:        x + z = 2 – 2s
(


( – (:         y – z =  1 – 3s
(.

3(( – 2((:      3x – 2y + 5z = 4
The equation of the plane containing F, G and H is 3x – 2y + 5z = 4.
(Check that the co-ordinates of F, G and H do in fact fit the equation just obtained.)
Method 2

We need to find n = 
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and perpendicular to 
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Then 
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 so that 
–3p – 2q +  r  = 0    (

and
–2p + 2q + 2r = 0    (.
We need to express two of p, q, r in terms of the third.
( + (:   –5p + 3r = 0 ( 
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Therefore  n = 
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The equation of the plane containing F, G and H is 3x – 2y + 5z = constant.
We find the constant by substituting the co-ordinates of F (or G or H), getting 4, and conclude that the equation of the plane containing F, G and H is 3x – 2y + 5z = 4.
Method 3

Another way of finding a normal n uses the vector product, a topic in the Pure 4 syllabus but you can look up the formula in the Student’s Handbook. The vector product a(b is a vector perpendicular to both a and b:
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Here we have the three points F(1, 2, 1), G(–2, 0, 2) and H(–1, 4, 3) and want n perpendicular to both 
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Then 
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 is used as the normal to the plane. It is always wise to check your arithmetic – here you can check that n is perpendicular to both a and b 
by calculating 
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Then proceed as in Method 2. The equation of the plane is 3x – 2y + 5z = constant. Find the value of the constant by using any one of the three sets of known co-ordinates, 

e.g.  using  G(–2, 0, 2): 3x – 2y + 5z = 3((–2) – 2(0 + 5(2 = –6 + 0 + 10 = 4.
Plane FGH has equation 8x + 19y + 13z – 39 = 0.
Finding the angle between two planes

The angle between two planes is the same as the angle between their normals. This means that the angle between planes with normals n1 and n2 is 
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. Decide which by reference to the context.
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